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Averaging linear functional on the space continuous functions of the group of 
diffeomorphisms of interval is found. Amenability of several discrete subgroups 
of the group of diffeomorphisms Diff 3 ([0,l]) of interval is prove. In particular, a 
solution of the problem of amenability of the Thompson's group F is given. 



1. The main result. 



Let Diff^([0, 1]) be the group of all diffeomorphisms of class C 1 of interval [0, 1] 
that preserve the endpoints of interval, and let Diff 3 ^ ([0, 1]) be the subgroup of 
Diff^j_([0, 1]) consisting of all diffeomorphisms of class C 3 ([0, 1]), and 

DifT 3 ([0, 1]) = {/ G Diff 3 , ([0, 1]) : /'(0) = /'(l) = 1}. 

The group Diff + ([0, 1]) is equipped with the topology inherited from the space 
C l ([0,l]). 

Let us denote D n = {{xi, ...,x n _i) : < x\ < ... < x n _\ < 1} c R" 1 
and xq — 0, x n = 1. 

We say that a subgroup G of Diffg([0, 1]) satisfies condition (a), if 

(i) there are a integer l n > l n -i (Iq = 1) for any natural n and a countably 
additive Borel measure r\ n on Di n such that rj n (Di n ) = 1, 

(ii) for any positive e and any g G G, we can find natural N(s, g) such that, for 
any n > N(e,g), it exists a Borel subset Z, ly£ , g C Di n that r\n{Z n ,&,g) > 1 — e and 

max (x k - x k -i) < e for any (xi,x 2 , xi n -i) G Z n e>g where x = 0, x tn = 1, 

l<k<l n 

(hi) (1 - e)rin(Y) < rj n (gY) < (1 + s)r) n (Y) for any Borel subset Y C Z n>£t3 
where gY = {(5(^1), g(x 2 ), g(xi n - X )) : {x x ,x 2 , ...,xi n -i) G Y}. 

For any positive S < 1, denote by Cq' S ([0, 1]) the set of all functions / G C 1 ([0, 1]) 
such that /(0) = andaC > Vt 1 ,t 2 £ [0,1] \f(t 2 ) - f'{h)\ < C^-t^ 5 . Define 
a Banach structure on the linear space Cg' ([0, 1]) by a norm 

|/'(*2)-/'(il)| 



l/lli,ff = |/'(0)l+ sup 



ti,t 2 e[o,i] 1*2 - t 



for any function / G Cq' 5 ([0, 1]). 

Let Diff^([0, 1]) = Diff^ ([0, 1]) f| Cl' S ([0, 1]). It is easy to see that Diff+ 5 ([0, 1]) 
is a subgroup of the group Diff^([0, 1]). The subgroup Diff + d ([0, 1]) is equipped 
with the topology inherited from the space Cg'^dO, I]). 

Let C 6 (Diff^([0, 1])) be the linear space of all bounded continuous functions on 
the space Diff^([0, 1]), and let C & (Diff^([0, 1])) be the linear space of all bounded 
continuous functions on the space Diffi([0, 1]). 

Introduce the functions e M : DifT^QO, 1]) -J- R, e 1>0 : Diff \ ([0, 1]) ^ R by 
setting e liS {g) = 1 for any g G Diff^QO, I]) and ei, (/) = 1 
for any / G Diff^([0, 1]). Let F g {f) = Fig- 1 o /) for any g G Diff 3 ([0, 1]), 
/ G DifT^([0, 1]) and F G C 6 (Diff}:*([0, 1])). 
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Theorem 1. If a subgroup G o/Diffo([0, 1]) satisfies condition (a) and a positive 
5 < \ then there exists a linear functional 

L s : C fc (Diff^([0, 1])) -> R such that L s (e hS ) = 1, \L S (F)\ < sup 

/€DiflF^ s ([0,l]) 

Ls{F) > for any nonnegative function F G Cb(Diff+ 5 ([0, 1])) 7 and 
L s {F g ) = L S {F) for any g G G and F G C 6 (Diff^([0, 1])). 

The restriction of any function of the space Cb(Diff +([0, 1])) on Diff^ <5 ([0, 1]) 
belongs to the space C 6 (Diff^([0,l])). Hence we obtain the following assertion. 

Corollary 1.1. If a subgroup G of Diffg([0, 1]) satisfies condition (a) then 
there exists a linear functional L : Cb(Diff + ([0, 1])) — > R such that Lo(ei,o) = 
1, \Lo(F)\ < sup \F(f)\, L (F) > for any nonnegative function F G 

/£Diff^([0,l]) 

C 6 (Diff^([0, 1])), and L (F g ) = L (F) for any g G G and F G C 6 (Diff*_([0, 1])). 

We say that a discrete subgroup G of Diff ([0, 1]) satisfies condition (b), if there 
is a such C > that 

sup | ln(ffi(f)) - \n(g' 2 (t))\ > C for any 51,52 G G,5i 7^ .92- 
te[o,i] 

Theorem 2. //a discrete subgroup G o/Diffo([0, 1]) satisfies conditions (a), (b), 
then the subgroup G is amenable. 

In [2] E.Ghys and V.Sergiescu proved that the Thompson's group F is isomorphic 
to a discrete subgroup G of Diffo([0, 1]) which satisfies condition (b). 

Corollary 2.1. The Thompson's group F is amenable. . 



2. Proof of Theorem 1. 



Define the mapping A : Diff^([0, 1]) — > C ([0, 1]) by setting 

= ln(g'(t)) - ln(</(0)) Vte[0,l]. 

The mapping A is a topological isomorphism between the space Diff+([0, 1]), 
Co([0, 1]) moreover 

A-^xt) = J ° ■ 

Introduce the Wiener measure w on the space Co([0, 1]). Define a Borel measure 
f on Diff+([0, 1]) by setting v{X) = w{A{X)) for any Borel subset X of topological 
space Diff+([0,1]). 

Let 8 G (0, 5). It follows from the properties of Wiener measure w (see [4]) that 
measure v is concentrated on the set E$ — Diff^ <5 ([0, 1]), i.d. v(Es) = 1, moreover 
the Borel subsets of metric space Eg is measurable with respect to the measure v. 

As it was proved in [3] , the measure v is quasi- invariant with respect to the left 
action of subgroup Diff+([0, 1]) on the group Diff+QO, 1]), moreover 

v{gX ) = 1 / e ^«'(°)-^«'( 1 )+/o 1 ^(«(*))(«'(*)) a * I/(dg)> 

(O)p'(l) 

for any Borel subset X of topological space Diff+QO, l]),and any 5 G DifF+([0, 1]), 
where gX = {goq: q G X} and 5 a (r) = 9 g ,^ ~ |( f^Fj ) 2 ( tne Schwartz derivative 
of function g). 
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For the proof of Theorem 1 we need the following auxiliary assertions 
Lemma 1. The following equality is valid 



J(q'(0)) l u(dq) = j{q'{l)) l v{dq) 



E5 Es 
for any natural I. 

Proof. Let £ = A(q), i.d. £(t) = Hq'(t)) - ln(g'(0)). Then 

1 e«W 
Jo ei{T)dT Jo ei{T)dT 

Let us take 

Mi = j (q'(l)) 1 v{dq) = J {q'{l)) 1 v{dq) = 
E 5 Diffi_([0,l]) 

f e^ 1 ) , r 1 

= / ( r i fr ^ )'*« = / ( 71 fn ; 777^ Mff) 

Co([0,l]) Co([0,l]) 

Let ((t) = £(1 — £) — £(1). The Wiener measure w is invariant with respect to 
the action ( 1 — > £, thus, 

Mi= I ( -1 \ - ) l w(dC) = 

C ([0,1]) J0 

(g'(0)) , i/(dg)= J(q'(0)) l u(dq), 

Diffi_([0,l]) E« 

which implies the assertion of Lemma 1 . 

Introduce the measure v n = v ® . . . ® v on the space = Es x ... x E$. 
Let ci = 1 + Mi + M 2 + / (J^(q'(t)) 2 dt) u{dq). 

For any r > 0, g G Diff+([0, 1]), x — (xi, x„_i) G Z?„, we write 

-X"r, S ,z = {(<Zl, Qn) '■ ?li —j <7n € ^5 

EM ,,9"(Xk-l) , , . 5"(^fe) , , „ 

fc j (xfc ^ fe - l)( 7(^) ,Zfc(0) "7M' ?fe(1))+ 

+(a; fe - x fe _i) 2 / Sg{x k -i + (x fe - x fe _i)(7 fc (£))(^(i)) 2 (it]| < 4ciC 3 r}. 
Jo 

Lemma 2. J/e£ (0, 1), i/iera the following inequality is fulfilled 
v n {Eg \ X3/i gll ) < 2-y/e for any g G Diff+([0, 1]) ; /or any positive integer n and 
x = (xi, x„_i) G satisfying the inequality 
max (xfe - Xfc_i) < e. 

l<fc<n 

Proof. Let 

*(«.-.*> - £<» - «-,)(^i(0) - $2^0)). 



Then 



TP _ TP _ fc — 1 



As |^?=4 - < C,(s fc - x^x), we have 



g'(xk-i) g'(x k ) 1 — WffV 

n n 

/i| < MiCg^(x fe - x fe _i) 2 < MiC g e^(x fc - x k -i) = M 1 C g e. 



fe=i fc=i 

Yikj^l then 

( 7fey (9 ' (0) _ Ml) _ 7§y (<z;(1) ~ Mi )m^m^) = °> 

therefore 

h = J - J(h(qi,-,q n ) - h) 2 v(dq 1 )...v(dq n ) = 

|> ~ Xk - lf I [9 ¥M {q ' m - Ml) " 90) {m - Ml)]Mdqk) ~ 
< 2 f> fe ^-i) 2 t(7^y) 2 / (^(o) - m 1 ) 2 K^)+ 

+0 2 /«m- M >>M«] = 

E S 

n n 

<4M 2 C 9 ^(i fc -in) 2 < 4M 2 C 9 e^(x fc -x fe _!) =4M 2 C 9 e. 
fe=i fe=i 

Hence, 



Thus 



v„({ (?!,...,?„) : |/i(qi,...,<7„)| > 3ciC 3 ^e}) < 

Let 

n .1 

h{qi,...,q n ) = Y^Ofc - Zfc-i) 2 / S g (x k -i + {x k - x k -i)q k (t)){q' k {t)) 2 dt. 
fc=i - 70 

Then 

^3 = J - J \f2{qi,-,q n )\v{dqi)...v(dq n ) < 



< 2C g J2( x k - Xk-i? / ( / {q' k {t)fdt)v{dq k ) < 
fc=i I J ° 

n 

< 2c 1 C g e^(x k - Xk-i) = 2c 1 C g e. 
fe=i 

Thus 

«/„({(«!, ...,g„) : |/ 2 («i,...,<Zn)| > 2 Cl C s ^}) < ^-JL_ < = (^i) 2 < ^. 

Hence, 

= t'n({(«l,-,?n) : \fl(qi,-,Qn) + f2(qi,-,Qn)\ > ^Cg^/e}) < 

<u n {{(qi,-,q n ) ■ |/i >2ciC s ^i})+ 
+i/„({(gi,...,g„) : |/2(9i, -,q n )\ > 2 Cl C g ^~e}) < 2$i, 
which implies the assertion of Lemma 2. 

Lemma 3. For any g G Diffo([0, 1]), e > 0, £/iere is 5i e (0,1) smc/i t/iat i/ie 
inequality is valid 

I TT g(x fc ) - ff(x fc _i) i < ^ 

fe=i ( x fe _ x fe _i) v /.g'(x fe ).g'(x fc _i) 

/or any natural n and any x — [x\, ...,x n -i) € -D„ satisfying the inequality 
max (x/c — < o~i, w/iere x = 0, x n = 1. 

l</c<n 

Proof. Let e e (0, 1). Let C - ^ max ^l + |$$| + &i = 400^ 

x' fe = Xfc ~^ fc - 1 for any k (1 < k < n). 

There are x* k ,x* k *x* k ** e (0, 1) such that 

g(x k ) - 5(^-1) = g'{x' k )(x k - x k -i) + ^g"'(x* k ){x k - x k _ x f = 

= 9'{x' k ){x k - x k -i)(l + 24^j ( Xk ~ ^-i) 2 )' 
g'(x k ) = g'{x' k ) + ^g"(x' k )(x k - x k -i) + ^g'"(x* k *)(xk - x k - X ) 2 

g'(x k -i) = g'{x' k ) - ^g"(x' k )(x k - x k -x) + ^g"'{x* k **)(x k - x k ^) 2 
9"M),„ „ x , 9'"(4"), 



Hence 

5(ar fe ) - g(xk-i) 1 + \' k (x k - x k -x) 



where 



(xk - x k -i)y/g'(x k )g'(x k -i) \Jl + A'^(x fe - x k -i) 

x , g ( x %-i) t \ 



. s/Wk)W"{.xV*)- 9"' T ,2 , 9"'te'*)9"'te*) (T T )3 
+ 16(g'(x' k )r 1 " 64(g'(4))2 {Xk Xk - 1] ■ 

As (x k - x k -i) < 5 U there are |A' fe | < C<5i < |A' fc '| < C8i < 
We have 

a = ln(ff g(^)- g(^-i) = ) = 

fe=i _ a;fc-i)Vff / (a;fe)5 / (a;fe-i) 

" 1 

k=i 

and 

n n 

W\ < 2^(|A' fe | + K'lXz* - a*_i) < ^ ]T ^ - ^-i) = ^> 
fc=i fc=i 

therefore 

ITT g(gfc) "Z^*" ~ II = K ~ 11 < e* ~ e~* < j + j < e* 

^ (xk - xk-i)^g'(xk)g'(xk-i) 5 5 

which implies the assertion of Lemma 3. 

Introduce the mapping Q n : D n x E$ 
fn° (Ly 1 = Qn(xi, —^n-iifi, —ifn), where 



Introduce the mapping Q n : D n x E% -> £ 5 = Diff^ 5 ([0, 1]) by setting 



k — 1 

/n(*) = x k -i + {x k - x k -i)<Pk(n(t )), 

n 

'»(*) = n " 

xi-xn+ffe -a: i) ^(0)^(0)-^(Q) 

^ 2 m " 1 Vi(i)^(i)..V m _i(i) + 

^i(W2( 1 )---¥>k-i(l) n 
for i e |], (si,...,a; n _i) G £>„, (^ 1; ...,^„) e ££. 

The function / = /„ o (f„) _1 belongs to Diff^QO, 1]), because the left derivation 

/'((U^C^ - 0)) = nfo.! - ^- 2 )^-i(l)- 
an -xn+T (x -x ,) ^(°)^(0)-^. (Q) 

m=2 m 



(Xfc-i ^-2j v;(1 )^ (1) .. Vfe _ 2( i)n 

_, _ , y-, _ x ^(o)^(o)...^(o) yi(iv 2 (i)-^-i(i) 

- ^ *o+^l« B . a ^- 1 V 1 (l)^(l)..V m _ 1 (l) , ^(0V,(0)..y fc _ 1 (0)- 
is equal to the right derivation 

/'((*n)~ 1 (^ + 0)) = n(x k - arfc.!)^^)- 
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Xi - Xq + 

m=2 



V (r -r 1 V2(0)y3(0)-ym(0) 
2^ l^m ^-11^(1)^(1). .-CiW 



, T , v rr r x ^(Q)^(o)...^(o) 
_ ^ *o + ^« TO ^-i^ Ul) ^ (1) ..y m _ i(1) )^ ( o)^(o)..y fe _ l( o)- 

Let a subgroup G of Diff^fO, 1]) satisfies condition (a). We write 

Ls, n (F) = J J — J F (Qi n (x, i Pi,---, ( PiJ)Vn(dx)is(dtpi)...v(dtpi n ) 

Di n Es E$ 

for any function F G Cl,(£ 4 ) = C 6 (Diff^([0, 1])). 

Theorem 3. If a subgroup G o/Diff ([0, 1]) satisfies condition (a) 
then lim \Ls, n (F g ) — Ls, n (F)\ = for any function F G C b (Diff^([0, 1])) and any 

n—>oo 

diffeomorphism g G G 

Di&¥([0, 1])), g e G, C = 



Proof. Let F G C 6 (Diff^([0, 1])), g £ G, C = sup 



Let e G (0,1). 

It follows from Lemma 3 that it exists Si G (0,1) such that 

I tt g(x k ) - g(x k -i) X | < £ 

for any positive integer n and for a; = (xi, x n -i) G satisfying the inequalities 
max (xk - Xk-i) < Si. 

l<k<n 

Let us take positive ei satisfying the inequalities ei < |e 3 , ei < <5i, 

g4c 5 C g ^/7T _ e -4c 4 C g ^el ^ £ 

It follows from Lemma 2 that the inequality is valid i/„(£j\l3^ 9 j) < 2^eT < 
e for any positive integer n and for any 3; = (xi, x n -i) G D n satisfying the 
inequalities max (xk — Xk-i) < ei- 

l<fc<n 

Since the subgroup G satisfies condition (a) we have that 

(i) there are a integer l n > Z„_i (l = 1) for any natural n and a countably 
additive Borel measure r\ n on £)j n such that r] n (Di n ) = 1, 

(ii) we can find natural N(a,g) such that, for any n > N(a,g), it exists a Borel 
subset Z n ei g C Di n that r) n (Z n , eu g) > 1 - ei and max (x fc - Xfc_i) < ei for any 

(xi,x 2 , ...,xi n -i) G ^ n ,ei,g where x = 0, xi n = 1, 

(iii) (1 - ei)r] n (Y) < rj n (gY) < (1 + ei)r] n (Y) for any Borel subset Y C Z„, £ , g 
where gY = {(g(xi), g(x 2 ), g(xi n -i)) : {xi,x 2 , ...,xi n -i) G Y}. 

Hence it exists the function g n : Z n ^ ltg — > R such that 
1 - ei < Q n {x) < 1 + ei for any x G Z ni£l)fl , Vn(gY) = J g n (x)g n (dx) for any Borel 

Y 

subset Y C ^n,e, ff - 

Let y fe = ff(a;fe), y = (yi, G A„, 
= (^li -i^n-i) e A„- We receive 

9 X ^,g,g- 1 (y) = {(W>->a) : (<7l > • • • > «J € ^^T,g,3F> 

QjnCj/l,-,^-!,^!, -,¥>n) =S° (Ql n (xi,x 2 , ...,xi n -i,qi, ...,qi n ))}. 



It is easy to see that <p k (t) = s{Xk - 1+ %\~^gl^~ 9{Xk ~^ , because 
(^~yfc-lM(0V 3 (0)-V fc (0) _ (x k -x k ^)q / 2 (0)q / 3 (0)...g / k (0) 
( yi - J«)M(iy 2 (l)..y fc _ 1 (l) (xi - x )gi(lM(l)-^i(l) 

We have 

J n n {gX^ gtg -i { y ) )r] n {dy) = 

gZ„, €1 , g 

+(2^ - Zfc-i) 2 / S g (x k -i + (x k - x k -i)q k {t))(q' k {t)) 2 dt])v{dqi)...v(dqi n )) 



o 



Hence, 



and 



We have 



"1 _ xk-vvg {x k )g '{xk-i) 

>(l-e) 3 / ^„(^, ff ,i)»M(<S)>(l-e) 5 - 

y ( y F s (g in (y,^,..., w j) 

^(^O.^^J)^^)! < C(l - (1 - e) 5 ) 

y ( y <Zi. ••■»«„)) 

v(d qi )...v(dq ln ))r) n (dx)\ < £7(1 - (1 - e) 2 ). 

i y ( y ^(Qind/.vi,-,^)) 

v(d(p 1 )...u(dipi n ))r] n (dy)- 
- J ( y * , (Qj b (S,«i,.-.,«J) 

^(dgi)...z/(d^ n ))r?„(<S)| < 



< y ( y 



l) s'fak) 

+(x k - x fe _i) 2 / 5 9 (a; fc _i + (x k - x k -i)q k (t))(q k (t)) 2 di\) 
Jo 

9n{x) ft g(^)- g(^-i) _ x| 

fe=i -^-lJvs'^Js't^-i) 

|^(^(£>3l.-">0)K d tfl)"M d 3 , n))»7Ti( £fe ) < 
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< Ge(2 + e) J is n (X^, g ,x)Vn(dx) < Ge(2 + e), 

which implies the assertion of Theorem 3. 

Define a ultrafilter 9 on the set positive integers such that 9 contains the sets 
{n, n+1, ...} for any positive integer n. We set Ls(F) = lim Ls tn (F) for any function 

F G C 6 (£7 tf ). 

Note that the limit always exists because \Lg n (F)\ < sup \F(f)\. 

feE 6 

It is easy to see that L[e\ s) = 1, |Itf(.F)| < sup \F(f)\, and L(-F) > for any 

feE 5 

nonnegative function F G Cb(Diff^' 5 ([0, 1])). In turn, Theorem 1 follows from 
Theorem 3. 



2. Proof of Theorem 2. 

Let -B(G) be the linear space of all bounded functions on the group G. 
Let positive 8 < 5, let 

n(t) = IM/(0)l + sup W« 

ti,t 2 €[0,l] 1*2 -ill 



and r(/) = inf p^ -1 ° /) for / G Diff^([0, 1]), 0(t) = 1 - i for t G [0,1] and 



rl,<5 

Ml" " J ; ror ,/ t uii 

9(t) = for t > 1. 

For any fixed / G Diff^QO, 1]), C > 0, the set of functions 
{■0 : VK*) = ln(</(i)), g G G, p^g o /) < G} contain in a compact subset of the 
space G([0, 1]), therefore it is finite according to condition (a). Hence, we can define 
the linear mapping n$ : B(G) — > Gb(Diff^ ([0, 1])) by setting 

E /) - r(f))F(h) 



Assign a linear functional I : B(G) — > R by setting = Ls(nsF). 
It is easy to see that 

\l(F)\ = \L s (n s F)\ < sup |7r tf F(/)| < sup \F(g)\, 
/eDifr^' s ([o,i]) aea 

1(F) > for any nonnegative function F G B(G), and l(eo) — 1, where ec(g) = 1 
for all 5 G G. 

Denote by F g (h) = Fig- 1 o ft) for F G B(G), g,heG. 
We have 

E Bfaih- 1 o f) - rtffiFig- 1 o h) 
^F a (f)= h - eG 



E W*" 1 o /) - r(/)) 

E 6{p s {h- l ogof)-r{gof))F{h) 

E %(Ho S o/)-r(jo/)) = ° /} ' 
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hence l(F g ) = L 5 {n s F g ) = L s {-k S F) = 1(F), 
which implies the assertion of Theorem 2. 

3. Proof of Corollary 2.1. 

Let f^t) = \t for < t < ±, h{t) = t - \ for ± < t < f , 
f^t) = 2t - 1 for | < i < 1 and 
/ 2 (t) - t for < t < i, / 2 (t) = |t + \ for | < t < f , 
/ 2 (t) = t - i for f < i < |, / 2 (t) = 2t - 1 for | < t < 1. 

The Thompson's group F is generated by /i and / 2 . 

Denote by r„ = 1 — ^s+r for integer n > and r_fc = for integer fc > 1. We 
have fi(r n ) — r„_i for any integer n. 

The group F act on D n by /(xi, x„_i) = (/(xi), /(x„_i)) for any / e F, 
(xi, ...,x„_i) e £>„. 

Let/ o = {(^o.r-i)}, 

= {^/r' 1 ^/! 1 -' 2 ^.../!"- 2 "'"- 1 ^^- 1 ^^!,...,^!) : < h < min(M)}, 

a«,fe = |^| for n > 0, fc > 1. 

Lemma 4. lim +1 * - = (fc + 2) sin 2 -rj^ . 

n->oo 4 cos fc+2 h + z 

n 

Proof. It is easy to see that a , k = 1, »n.i = 1, »n+i.fc+i = I] ai.k+ia n -i,k- 

i=0 

oo 

Let u fe (i) = J2 a n,kt n - 

n=0 

We have ui(t) = j^, u k+1 (t) = l + t u k +i(t)u k (t) or u k +i(t) = 



tu k (t) ' 

. <r.-(+\ — 1 „. U\ — 1 + TTTfl 

Pk(t) 



Taking Ufc (t) = po(t) = 1. Pl (t) = 1 - i we find 



«fe+i(i) = 



= Pfc(*) -tp k -l{t). 



That means 



orp fe (t)= n (l-4tcos 2 ^L). 
l=i 

Taking m = [^-] we find 



4(fc + 2)sin 2 ^ 4 (fc + 2)sin^ 

l_4 tcos 2^_ - i_4t C os2|l| 



= y 4" +1 (fc + 2)i"(sin 2 cos 2 " + ... + sin 2 -HL CO s 2 " -HL). 

^ v ' v fc + 2 fc + 2 fc + 2 fc + 2 7 

Hence 

a „ k = 4 "+ 1 (fc + 2) (sin 2 cos 2 " + ... + sin 2 cos 2 " -HL) 

v A fc + 2 fc + 2 fc + 2 fc + 2 ; 

and lim An+i g " j„ „ = (fc + 2) sin 2 tt^ which implies the assertion of Lemma 4. 

n->oo 4 cos fc + 2 K + z 
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For any integer I > 1, m > 0, n 2 > 0,..., > 0, we write 

^j, 7li ,712, ...,n; = {( r 0: ^1,1) ^1,2; ^1,711 j r l j ^2,1; ^2,2j • • • j ^2,n 2 ! r 2 j 

rj): (ri-i,ti,i,ti,2,-,*i,n 1 ,ri)e/j(Ji 1 < ), < i < /}, 

y ' = l^J y,ni,...,7ip 

ni + ...+n;- n,ni>0,...,n;>0 

^o'™ = U y,0,n 2 ,...,7ii- 

n2 + ...+n;— n,n2>0,...,n;>0 

It is easy to see that f 2 (Y l+1 ' n ) = Y l > n+1 \ Y^ n+1 . 
Introduce the mapping k„ : D n — > D 2n by setting 

_ Xi Xi + X 2 X 2 + X 3 X„_ 2 + Xn-l Xn-l + 1 - 

^Tll^l j 2^2 j ••• j x n— 1 J — ^~2" ' ' 2 ' ^ ' 2 ' "' 2 ' * Z ' n— 1 ' 2 ' 

I 1-1 

Denote by X°^ n = [j [j /f(y 2| - i >"+ i ), 

i=0 j=0 

X m, ,n _ K2m _i (n+2;+2) ( K2m _2(„ +2;+2) (...fi; 2 („ +2 7 + 2)(K n+ 2;+2(^ 0: ''")) •••))• 

Wehave A m -'<™ = K2"-i(n+2;+2)(^ m ~ 1 ' i '™) and fi{n 2 m-i {n+2l+2) {x)) = n 2 ™-i (n+2l+2) (fi(x)), 
f 2 (n 2 m- i {n+2l+2) (x)) = «2"-i(n+2l+2)(/2(^)) for any x G X™- 1 '''™. 
Also, if (ii,*2, — ,*2'»(n+2i+2)) belongs to X m ' Z ' n then 

1 2 3 2 m - 1 

for any m > 1. 

Lemma 5. for any positive e, there are positive integer l,n such that 

^q3p^ > i - e, ^^.af""'"'' > 1 - £ /° r "»»"»>0. 

Proof. It is sufficient to prove for m = 0. Take integer I > |. 

, y 2l-i,n + 4. 

It follows from Lemma 4 that it exists such integer n that | y 2i_i,„ +i | < -p for 
any < i < I. 

As / 2 (y2;-7,n+7 ) = Y l-i-l, n +i+l \ Y l-i-l,n+i+l wg ^ 

^ L)|y'>™+'| < |y2;,7i| <- |y2/-i,n+2| <- <- |yi,n+2| 

and _£___J < i. 

I y Y 2 i -,,„+,| 

HenTe, > 1 - , ' r '' n+ '' > 1 - } > 1 - s. 

| (J y2!-i,n+i| 
»=0 

As /i( LJ (y 2,_i,n+i )) f| (J fl(Y 2l -^ n+l ) = |J /f'(y2»-*.n+<) 

J=0 j=0 j=l 

we find — = 1 ~ 7 > 1 — £ which implies the assertion of Lemma 5. 

Take a infinite differential function i/j : R — > R such that ip(t + 1) = ij)(t) + 2, 
< < 3 for any t e R, </>'(*) = 3 for any t e [\, f], V(0) = 0, ^(i) = ±, 

V>'(0) = l,V> (n) (0) = for any n > 2. 

For any dyadic rational r = ^ € (0, 1), denote x r = -0 _p (fc), xj, = tp~ p (k — i), 
4' = ^-"(fc + i), r (t) = ^-*(fc + t). 
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Let gi {t) = r/> _1 (*) for < t < xi = §, 
9l (t) = ip- 2 (ip 2 (t) - 1) for xi <t<x;i, 
gi(t) = i[)(t) — 1 for £3 < t < 1 and 
g 2 (t) = t for < t < xi_ , 
g 2 (t) = ilj- 2 (ip(t) + 1) for xi < t < X3 , 
92(t) = tp- 3 (ip 3 (t) - 1) for 13 < t < xi, 
g 2 (t) = ip(t) - 1 for x? < t < 1. 

In [2] E.Ghys and V.Sergiescu proved that the Thompson's group F is isomorphic 
to a discrete subgroup G of Diff ([0, 1]) which is generated by {gi, g 2 } and satisfies 
condition (b). 

Lemma 6. For any dyadic rational r G (0, 1), there are positive integer ai, a 2 , f3i, f3 2 
such that | ai| < 1, |a 2 | < 1, |/?i| < I, \/3 2 \ < 1, 

gi (Mt)) = <f> M r)(Tp ai (t)), g 2 (Mt)) = 4>h(r){i> h {t)), gi(M-t)) = 4> h{r ){^ a2 {-t)), 

92(M~t)) = <t>h(r){^ 2 {-t)) for any t e [0, \\. 
Proof. Let te [0, ±]. 
If r = § we have f\(r) = \, f 2 (r) = ±, 

9l (Mt)) = V" 2 ^ 2 ^" 1 ^ + 1)) - 1) = i>-\m + 1) = /l(r) Mt)), 

52 (0 r (t)) = ^My,-^ + 1))) + i) = r 1 ^- 1 ^) + 1) = 4>Mr0~Ht)), 

9l (M-t)) = V" 1 ^-* + 1)) = 4>- 2 (-t + 1) - 4> M r)(-t), 

92(M~t)) = + 1) = <t>h(r){-t). 

Hence ai = 1, a 2 = 0, /?i = — 1, (3 2 = 0. 
If r = | we have /i(r) = ±, / 2 (r) = f , 

<7l(<M*)) = V^"^ + 3) - 1 - ^~\t + 1) = /l(r )(t), 
<? 2 (<M*)) = V" 3 ^ 3 ^" 2 ^ + 3)) - 1) = lp- 3 ((m + 5) - /2(r) (^(t)), 

gi(M-t)) = V>" VW-- 2 H + 3)) - i) - ^ 1 (V^ 1 (-t) + 1) - tMrWH-t)), 

g 2 (M-t)) = V- 2 (V>(V-- 2 (-i + 3)) + 1) = V" 3 H + 5) - <P Mr) (-t). 
Hence ai = 0, a 2 — —1, (i\ = 1,(3 2 = 0. 
If r = | we have / 2 (r) = |, 

<&(&■(*)) = <AW>~ 3 (t + 7)) - 1 = ^ 2 (t + 3) - <P Mr) (t), 

92(M~t)) = ^{^{^(-t + 7)) - 1) = ^- 2 {^-\-t) + 3) = A(r) (-t). 
Hence ft = 0,/3 2 = -1. 

If0<r=| r <iwe have /i(r) = ^^r, / 2 (r) = 

9l (M±t)) = ^-\i>- p {±t + fc)) = $-*-\±t + k) = A(r )(±t), 

92(M-t)) = V-" P (±^ + fc) = A (r)(±*)- 

Hence ai = a 2 = 0, ft = /3 2 = 0. 

Ifi<r = |,<|we have /i(r) = *=fj^, / 2 (r) = 

fll(^ r (±t)) = i>- 2 (^(^- p (±t + kj) - 1) = ^(it + fc - 2^- 2 ) - 4> h(r) {±t), 

92 (M±t)) = ii- 2 (ip(i>- p (±t + k)) + 1) = i>- p -\±t + k + 2P- 1 ) = 4> f2 (r)(±t). 

Hence ai = a 2 = 0, fli = (3 2 = 0. 
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If|<r = ^<lwe have / x (r) = k ~f-\\ 
9l (M±t)) = V(V>" P (±* + A)) - 1 = ^- p+1 (±t + k — 2P- 1 ) = /l(r) (±t). 

Hence 0:1=012= 0. 

Iff<r = ^<|we have f 2 (r) = k ~f p ~ 3 , 

92(M±t)) = ^{^{^{±t + k)) - 1) = i>- p (±t + k - 2"~ 3 ) = <f> h{r) (±t). 
Hence ft = ft = 0. 

If I < r = ^ < 1 we have / 2 (r) = fc ~ p 2 !i\ 

<&(0 r (±i)) = V(V" P (±< + A)) - 1 = iT p+1 (±t + fc - 2 P " 1 ) = A ( r) (±t). 

Hence ft = ft = 0. 

Thus, we prove Lemma 6. 

Lemma 7. for any positive e, there are positive integer N and a finite subset 
ZcD N such that \Bi(z) z nz\ > ! _ e> M^n^j > 1 _ £; 

max (2;^ — Sfc-i) < £ for any (x\,x 2 , Xn-i) € Z where xq = 0, 2;^ = 1 . 

l<fc< AT 

Proof. Let e e (0,1). 

2 m -l 

As lim V (a;" 1 — a/ t ) = i it exists such m > 1 that max (x 1 , —x" l _ l )<e, 

m— >oo j =1 W 2™" """" 



1<(<2" 



where x% = \, x[ = |. 

By Lemma 5 we find positive integer /, n such that 

^!iny^i ^ 1 _ i_ i/ 2 (x-'''")n^'''"i . , _ 1 . 

Let fc = 2 m (n+2Z+2), V 7 = {*i,t 2 , -, ife-i} for any ? = (*i,t 2 , -, *fc-i) € A r 
and = (J V*. 

Take integer J > 16(fc g +1) . Let 

C = max ( max (max \(<j> r ^ j (x)))'\ + l(V> J ' (*))'!))■ 

0<j<J _i<a;<i r£W 

Take integer p > ^±1 . Let AT = k(2p + 1), 

z = {(^),V>^),^^ 

x t2 ,^ 2 (^M^))> t J^ 5 (^)),---,^(^ 5 (^)),<,---, 



. (^ 2fc - 2 (-^)). (^ 2fe - 2 (- £ ^)). (^ 2fe - 2 (--£)). 

, ^ (^-- 1 (^)), ^ (^- 1 (^)), ^ (V J2fc - 1 (^)), , .... 

0<. 71 <J, 0<j 2 <J, 

4 4p 4p 4p 

< j 3 < J, < ji < J, < is < J, < i 2fc _ 2 < J, < i 2fc _i < J, 
< i 2 fe < J, (t 1 ,t 2 ,..,^i)eX mA "}, 
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and 

^i(^ a (-^))' s *i'^i(^'H^)).^i(^H^)).»-,<Ati(^ 8 (^^)),<, 



4 2 ,^ 2 (^(-^)),^ 2 (^(-^)),...,^ 2 (^(-^)), 
«t 2 ,^ a (^'H^)),0* a (^ 5 (^)).»-,^ 2 (^ 5 (^)),<,-.-, 



, ^ (-^)), ^ (V j2fc - 1 (^)), ^ (V J2fc - 1 (^)), , .... 

|, l-^»«.(_£Z-H), i_^J«(_i_)) : 1 < ii < J-l, 1 < j 2 < 7-1, 

i < is < J-i, i < j 4 < J-i, i < is < J-i, i < i 2 fe-2 < J-i, i < .?2fe-i < J-i, 

< j 2k < J, (tl,*2,...,*fc-l) e ,A(x m ^")f|x m ^"} 
where i = 1, 2. 

By Lemma 6 we find g\{Z\) C Z and 52(^2) C Z. Hence 

MgMTgj < \Zi[ = (j-i)^\h(x m ^ n )r\x m ^ n \ 
\z\ - \z\ {j + i)( 2k )\x m ^ n \ 

>{i--^ l ){i-\e)>(i-\ef>i-e, 

\ 92 (z)nz\ \z 2 \ (j-i)( 2fc )|/ 2 (x^-)n^"i 

|Z| " |Z| (J + l)( 2fc )|X m ^™| 

We have r (^"(£)) - M^i^)) < Cj~ P < e, - V> J '(^) < ^ < e 

for any r G W, 1 < i < p, 1 < i < J that means max^fi^ — a^'-i) < e for any 

(a;i,a;2, ...,0:^-1) G Z. 

Thus, we prove Lemma 7. 

In turn, Corollary 2.1 follows from Theorem 2 and Lemma 7. 
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